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Error Propagation: Motivation

® Probabilistic robotics is
 Representation

— Propagation
« Reduction
of uncertainty

® First-order error propagation is
fundamental for:
Kalman filter (KF), landmark extraction,
KF-based localization and SLAM



First-Order Error Propagation

Approximating f(X) by a first-order Taylor
series expansion about the point X = py

3 df
Y"f(ux)"'a—x

(X — Uy)

X=LuU

, +o, \ ------------------ , f(X)




First-Order Error Propagation

X,Y assumed to be Gaussian

Y = f(X)

X > System > Y

Taylor series expansion

3 df
Y"'f(ux)"'a—XX_uX(X"llX)

Wanted: Wy 7 Gi (Solution on blackboard)



First-Order Error Propagation

Y = 10X, X5 ooey X)

Xl -
X2 -
X3 > System > Y
XH -

Taylor series expansion

0
Y = f(ulﬂ “’27 »es “'n) + Z [ai(ula “’25 ey “’n)iI[XI B ul]
i=1 !

n

Wanted: pu, , Gi (Solution on blackboard)



First-Order Error Propagation

Y = 10X, X5 ooey X))
Z=9g(X, X, ..ty X)

Xl |

X2 - .- Y
X3 > System

: : > 7
b, >

Wanted: Gy,

(Exercise)



First-Order Error Propagation

Putting things together...

Gil GX}XZ GXIX” .
o 02 o ii—' S ¥ G?/
CX = .€9.¢ X, Tt X)X, X34> System Y; CY = 1
Xn _GY2Y1
_GXHXI GXHX:), GX” |

with 5 _ 2(@;‘)2 e EE(%)(@‘_‘)OU
o =3 (35) G3) + 3.3 (57) (5%) o

n

— "Is there a compact form?...

GY1Y2

Gyz_




Jacobian Matrix

* It's a non-square matrix n X m in general

f1(x) ]
X) =
/() [ f2(x)
Let the gradient operator be the vector of (first-order)
partial derivatives

T
Vx:[a(zl 322 %}

Then, the Jacobian matrix is defined as

* Suppose you have a vector-valued function

- Of1 Of1 1
F:[fl(x)].[i BUR N D o
fQ(X) Oxq O, ofs o1

L Oz ox,, -




Jacobian Matrix

* It's the orientation of the tangent plane to the vector-
valued function at a given point

* Generalizes the gradient of a scalar valued function

* Heavily used for first-order error propagation...



First-Order Error Propagation

Putting things together...

Gil GX}XZ GXIX” .
o 02 o ii—' S ¥ G?/
CX = .€9.¢ X, Tt X)X, X34> System Y; CY = 1
Xn _GY2Y1
_GXHXI GXHX:), GX” |

with 5 _ 2(@;‘)2 e EE(%)(@‘_‘)OU
o =3 (35) G3) + 3.3 (57) (5%) o

n

— "Is there a compact form?...

GY1Y2

Gyz_
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First-Order Error Propagation

...Yes! Given
® Input covariance matrix Cy
® Jacobian matrix Fy

the Error Propagation Law

Cy = FXCXFXT

computes the output covariance matrix C,
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First-Order Error Propagation

Alternative Derivation:

pe = FE(x)
= FE(Au+b)
= AFE(u)+b
= Ap,+b

. = E((z— E(z))(z - E(z))")
= E((Au+b— AE(u) — b)(Au + b — AE(u) — b)T)
= E((A(u — E(u)))(A(u — E(u)))")
= E((A(v — E(u)))((u — E(u))" AT))
= AE((u— E(u))(u— E(u))T)A”
= Ay, AT
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Example: Line Extraction

Wanted: Parameter Covariance Matrix

& o, oo 0 ... 0
Car = > )

_GAR GR_ CX: 0 0-p2 ... 0
Simplified sensor model: 0 0 ..o

2 .
all o, = 0, independence

r[m] A
T

Result: Gaussians in @ ﬁ

the model space




Other Error Prop. Techniques

e Second-Order Error Propagation

Rarely used (complex expressions)

e Monte-Carlo —
4 QO ol

Non-parametric 2k

representation o) £,

of uncertainties 2 2

1.Propagation of
samples

6
’>_c“4 n
2 .Histogramming “, /\
0 + -

3.Normalization h e
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Derivations (2/4)

Definitions

Rules

Result SISO

p=E(X)

Var(X) = B((X — u)?)
Cov(X,Y) = B((X — p)(Y — 1))

E(
E(
B(

E(X) 4+ ¢
E(X) + E(Y)

o
— aB(X)

X+e
X +
aX)

HY = f(p'X)u

of

e U-X-
axxzux

Gy =
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Derivations (3/4)

Result MISO

by = E[Y] = Elay + Ya,(X;~ 1))
= E[a,] + ﬁE[aixf] — Efa;u;]
— a0+ $a,EIX] - a,El1]
=ay+ ia,-u; —a;l,
= a, ‘

Ry = f(ly Bos -ees Pa)

oy = E[(Y - py)?] = E[(Zai(X;— 1))
= E[zaﬂtx wyi+ z za a (X, — k)X, - )]

i#i

= Ta?EI(X; - w1+ 3, T aa E1CK — )X - 1)

%

_Za o; + ¥ Yaac,

I#J’

=33 o+ 3




Derivations (4/4)

Result MIMO
Gyz = EL(Y — i) (Z ~ )]
=E[Y - -Z]-E[Y]E[Z]
= E[(ny+ 22L 1X,-11) - (2 + T 16— w) | - nymy
= B[yl + 14,3 38 1~ 1] + 1y T2 16— ) + T 58 1X,- w1 X S 1%, ]| -y
= Eliyig) + B[ L5k X~ S|+ wiE [T Xi- Bag m
+E[3 395 56 16~ wLX; - ;1| - hyiz
= hybg+ 1y 3oL BUX1 -1, 3 5 B + 1y 328 E1X) -1y 358 Bl
+E| 338 S8 X, - i+ Z; %ﬁ%}{xf -G = )|~
=328 %8 Blx, -1 + 33 o % EICK,~w)(X,; )]

—yof dg 2 of dg 2
vz = Xax,ax° * 2}} ax,ax;°%u 17



