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Why Mapping?

« Learning maps is one of the
fundamental problems in mobile
robotics

« Maps allow robots to efficiently carry
out their tasks, allow localization ...

= Successful robot systems rely on maps
for localization, path planning, activity
planning etc.



The General Problem of
Mapping

What does the
environment look like?



The General Problem of
Mapping

= Formally, mapping involves, given the
sensor data

d = {Ul,Zl,’UQ,ZQ, s )utazt}

= to calculate the most likely map

m* = argmax, P(m | d)



The General Problem of
Mapping

= Formally, mapping involves, given the
sensor data

d = {Ul,Zl,’UQ,ZQ, s )utazt}

= to calculate the most likely map

m* = argmax, P(m | d)

* Today we describe how to calculate
a map given the robot’s poses



The General Problem of
Mapping with Known Poses

= Formally, mapping with known poses
Involves, given the measurements and
the poses

d = {xla K1y L2y R824y« oy Lt Zt}
= to calculate the most likely map

m* = argmax,, P(m | d)



Features vs. Volumetric Maps

v

Courtesy by E. Nebot



Grid Maps

= We discretize the world into cells
= The grid structure iIs rigid

= Each cell 1Is assumed to be occupied or
free

= |t IS a hon-parametric model

= |t requires substantial memory
resources

= |t does not rely on a feature detector



Example




Assumption 1

= The area that corresponds to a cell Is
either completely free or occupied

€+ free
space

occupied
space
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Representation

= Each cell Is a binary random
variable that models the occupancy

p(m;) — 1 <«——p(mj) =0
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Occupancy Probability

= Each cell Is a binary random
variable that models the occupancy

= Cell is occupied p(m;) = 1
= Cell is not occupied p(m;) =0
= No information p(m;) = 0.5

= The environment is assumed to be
static
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Assumption 2

= The cells (the random variables) are
Independent of each other

no dependency
between the cells
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Representation

= The probability distribution of the map Is
given by the product of the probability
distributions of the individual cells

p(m) [Tp(m:)

T |

map cell
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Representation

= The probability distribution of the map Is
given by the product of the probability
distributions of the individual cells

Hp(mz‘)
() ()

B [m]

four-dimensional four independent
vector cells

p(m)
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Estimating a Map From Data

= Glven sensor data z1.; and the poses
1.t of the sensor, estimate the map

p(m \ Zl:t,flflzt) — Hp(mz \ Zl:tpxlzt)
i

T

binary random variable

m) Binary Bayes filter
(for a static state)
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Static State Binary Bayes Filter

Bayes rule (2t | i, 21:4-1, T1:4) P(Mi | 21:0-1, T1:4)

p\my; | 21.¢, L1
(mi | 2102, 21:2) p(2t | 21:6—1, T1:t)
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Static State Binary Bayes Filter

Bayes rule p(Zt \ m¢,21;t—1,£€1:t) p(mi | Z1:t—1,5€1:t)
B <t | Zl:t—1,5€1:t)
Markov p(2t | mi, @) plmy | 21:0-1,T14-1
B (2t | 21:0—1, T1:¢)

p(mz ‘ R1:ts xl:t)
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Static State Binary Bayes Filter

Bayes rule (2t | i, 2141, T1:4) P(Mi | 21:0-1, T1:4)

p\my; | 21.¢, L1:
(mi | 2102, 2122 p(2t | 21:6—1, T1:t)

Maékov p(Zt \ mi,ib’t) p(mi | Zl:t—1,$1:t—1)

/ p(Zt ‘ Zl:t—laxlzt)
Bayeirule p(mz | Zt,.flﬁt) p(Zt | CEt)

J A mq;,x =
( [4 ‘ () t) p(mz ‘ ﬂft)
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Static State Binary Bayes Filter

Bayes rule
p(mz ‘ Zl:taxlzt) —

Maikov

Bayes rule

p(zt \ mi721:t—1,9€1:t) p(mz' | Z1:t—179€1:t)

p(Zt | Z1:t—17$1:t)
p(Zt ! mi,CUt) p(mz‘ | Z1:t—17331:t—1)
p(Zt ‘ Zl:t—lyxlzt)

p(mi \ Ztaxt) p<Zt \ $t) p(mi \ Zl:t—laxl:t—l)

p(mi \ CI?t) p(Zt \ Z1:t—1,331:t)
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Static State Binary Bayes Filter

Bayes rule
p(mz ‘ Zl:taxlzt) —

Maikov

Bayes rule

Maikov

(2t | mi, 21:0—1, T1:¢) PNy | 21:0—1, T1:t)
(2t | 21:6—1, T1:t)

p(ze | mi, x¢) p(my | 21:0-1, T1:0—1)
(2t | 21:6—1, T1:t)

p(m; | ze,x¢) P(2e | T¢) P(Mi | 21:0—1, T1:0—1)
p(m; | x¢) p(2e | 21:0—1, T1:)

p(m; | ze, Teygp(2¢ | ¢) P(My | 21:0—1, T1:0—1)

p(m;) p(2¢ | 21:4—1, T1:)
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Static State Binary Bayes Filter

Bayes rule p(Zt \ mi,Zl:t—hUELt) p(mz' | Z1:t—1,£€1:t)
p(m; | 21:4, T1:¢) =
(2t | 21:6—1, T1:t)
Markov p(zt | mi,we) plmy | 21:0-1, T1:4-1)
; (2t | 21:6—1, T1:t)
Bayes rule  D(M; | 24, T¢) P(2¢ | 1) DMy | 21:0—1, T1o6—1)
B p(m; | x¢) p(2e | 21:0—1, T1:)
Markov  P(Mi | 2, 7¢) p(2e | o) p(mi | 21:6-1, T1:0—-1)
B p(m;) p(zt | 21:6-1, T1:t)

Do exactly the same for the opposite event:

the same  P(TM; | 24, m¢) p(2¢ | 2¢) p(—My | 21041, T1:4—1)

p(_'mi ’ Zl:taxl:t) —
p<_‘mz') p(Zt ! Z1:t—1,$1:t)
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Static State Binary Bayes Filter

= By computing the ratio of both
probabilities, we obtain:

P(mi|zt,$t) P(2t|$t) p(mi|21:t—1,fﬂ1:t—1)
p(m; | z1.4, T1e) ) e Em—

p(—|mi ’ ART le:t)  p(omaze,m) pleder) p(omalziie—1,T10-1)
p(—m) peefzrt=15TT7)
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Static State Binary Bayes Filter

= By computing the ratio of both
probabilities, we obtain:

p(mi ’ Zl:t,fﬂlzt)
p(—my; | 214, T1:t)
p(m; | z¢,x¢) p(My | 21:6—1, T1:e—1) P(0My)
p(—my; | 2, x¢) P(— | 21:0—1, T1:0—1) P(T)
p(my | ¢, x4) p(m; | 21:4—1,%1:4—1) 1 —p(my)
1 —p(my | ze,20) 1 —p(my | 21:0—1,1:0—1)  p(my)
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Static State Binary Bayes Filter

= By computing the ratio of both
probabilities, we obtain:

p(m; | 214, T1:)
1 _p(mi ‘ Zl:taxlzt)
p(my | ze,xe) p(my | 21:0—1, T1:e—1) p(01)
p(—my; | 2, ) p(—my | 21:6—1, Tre—1) P(My)

P(mz‘ | Zt,il?t) p(mz \ Rl:t—1,L1:t— 1) 1 —p(mi)
1 _p<mi \ Ztaajt) (mz ’ Rl1:t—1yL1:t— 1) p(mz)
uses z¢ recursive term prior
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Occupancy Update Rule

= Recursive rule

p(mi ! Zl:tagjlzt)
1 — p(mz ’ Zl:taxl:t)

p(mz‘ \ Zt,SCt) p(mi \ Zl:t—1,331:t—1) 1 —p(mi)
1 —p(m; | ze,2¢) 1 —p(my | 21:0—1,21:4—1)  p(my)
g ~ L/ \Q -~ T \—  —
uses z¢ recursive term prior
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Occupancy Update Rule

= Recursive rule

p(mi ! Zl:tagjlzt)
1 — p(mz ’ Zl:taxl:t)

p(mz‘ \ Zt,SCt) p(mi \ Zl:t—1,$1:t—1) 1 —p(mi)
1 —p(m; | ze,2¢) 1 —p(my | 21:0—1,21:4—1)  p(my)
g ~ L/ \Q -~ T \—  —
uses z¢ recursive term prior

= Often written as

Bel(m?) =

. : ; 1
1 —p(my | z,2)  p(my) 1 — Bel(mi_,)

1+ : .
p(my | 2, x¢) 1 —p(my) Bel(mi_,)
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Log Odds Notation

* Log odds ratio is defined as

p(x)
1 —p(x)

= and with the ability to retrieve p(z)

1
i) = =i

l(z) = log
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Occupancy Mapping
IN Log Odds Form

= The product turns into a sum

l(mz ‘ Z1:t CCl:t)

— l(mi \ zt,azt) _|_l(mi \ Zl:t—laxlzt—l) —l(mi)
\ ~ 'y u ~~ 7 \,—/

inverse sensor model recursive term prior

= Or In short
ly; = inv_sensor-model(m;,z¢, 21) + li—1 — lo
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Occupancy Mapping Algorithm

occupancy_grid_mapping({l;—1.:}, Tt, 2¢):

1: for all cells m; do

2: if m; in perceptual field of z; then

3: ly i = l1—1; + inv_sensor_model(m;, z+, z¢) — lo
4: else

5: lei =li—1

0: endif

7 endfor

8:

return {l; ; }

highly efficient, only requires to compute sums
30




Occupancy Grid Mapping

= Developed in the mid 80’s by Moravec
and Elfes
= Originally developed for noisy sonars

= Also called “mapping with know poses”
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Inverse Sensor Model for
Sonars Range Sensors

In the following, consider the cells

along the optical axis (red line) 32



Occupancy Value Depending on
the Measured Distance

]
] ! ' Occupalllcy probabilfty
0.8 ]
0.6 = ]
i \. — prior
04 F : #+0s -
Z-d
0.2 ; /[ ]
measured dist.
0 : ' | I |
0 0.5 1 .5 . = ’

distance between the cell and the sensor



Occupancy Value Depending on
the Measured Distance

I
! ! " Occupancy probability
0.8 | ]
0.6 ]
i \. — prior
04F  “free” . 2+d; -
z-d
0.2 F : /[ ]
measured dist.
0 ! | | I |
0 0.5 1 .5 . = ’

distance between the cell and the sensor



Occupancy Value Depending on
the Measured Distance

I
! ! " Occupancy probability
0-8 i “OCC’, |
0.6 ]
i \. — prior
04 F : #+0s -
z-d
0.2 F : /[ ]
measured dist.
0 ! | | I |
0 0.5 1 .5 . = ’

distance between the cell and the sensor



Occupancy Value Depending on
the Measured Distance

1 I | I ] 1
Occupancy probability
0.8 F -
z+d, z+d,
0o \.“no iImfo”™
P — prior
04 F Z z+d; -
z-d
0.2 | 1 T 4
measured dist.
0 ] ] ] ] ]
0 0.5 | 1.5 2 2.5 3

distance between the cell and the sensor
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Update depends on the
Measured Distance and
Deviation from the Optical AXIs

d - 'C‘e‘" ! mp = mdﬁ (LEt)

Linear In 2

= Gaussian in 6
37



Intensity of the Update

measured distance
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Resulting Model p(m; | z,z:)

Oeccupancy probakbility ———

Cccupancy probabllity ———
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Example: Incremental Updating
of Occupancy Grids




Resulting Map Obtained with
Ultrasound Sensors
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Resulting Occupancy and
Maximum Likelihood Map

The maximum likelihood map is obtained by
rounding the probability for each cell to O or
1.

42



INnverse Sensor Model for Laser
Range Finders

probability Occupancy probability
pOCC — ’I
Pprior |-
Zt,n + %
Dfree g
Ztn — %

distance between sensor and cell under consideration



Occupancy Grids
From Laser Scans to Maps

44



Example: MIT CSAIL 3 Floor
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Uni Freiburg Building 106

~\. o«
°\
A
A
! "\, J,_,-f
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Alternative: Counting Model

= For every cell count

* hits(X,y): number of cases where a beam
ended at <x,y>

" misses(X,y): number of cases where a
beam passed through <x,y>

. hits(zx,
Bel(m[ y]) — hits(;g)y)t-kgnigs)es(m,y)

= Value of interest: P(reflects(x,y))
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The Measurement Model

» Pose at time t: [
= Beam n of scan at time t: Zt.n f

» Maximum range reading: (; ,, = 1 M oy )
- Beam reflected by an object: (; ,, = 0 T

measured
dist. in #cells
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The Measurement Model

= Pose at time t: x; ya
= Beam n of scan at time t: 2t

« Maximum range reading: C’t,n =1

- Beam reflected by an object: (; ,, = 0

mf(:ﬁt 3nazt,’n)

max range: “first z, -1 cells covered by the beam must be free”
1

[T (T=mpmp) if Gtn =1
k=0 |

4

p(zt,n|xta m) — <
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The Measurement Model

= Pose at time t: x; ya
= Beam n of scan at time t: 2t

« Maximum range reading: C’t,n =1

- Beam reflected by an object: (; ,, = 0

mf(:ﬁt 3nazt,’n)

max range: “first z, -1 cells covered by the beam must be free”

p(zt,n|xta m) — <

4

\

Zt,n—l
[T A=mpe,nm) if G =1
k=0
Zt}n—l

mf(wtanazt,n) H (1 o mf(::ct,n,k)) Ct,’n, — 0

otherwise: “last cell reflected beam, all others free”
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Computing the Most Likely Map

= Compute values for m that maximize
m* = argmax,, P(m | z1,- -+, 2¢, 1, -+, X¢)

= Assuming a uniform prior probability for
P(m), this Is equivalent to maximizing:

m* = argmax, P(z1,- -,z | m,x1, -, T¢)

T
_ since Z¢ independent
— algilaX,, H P(Zt ‘ m, :Ut) and only depend on X
t=1

T
= argmax,, Zln P(z: | m, )

t=1
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Computing the Most Likely Map

cells beams
J

m* = argmaXmZZZ(I (xg,ny2¢0) =7) (L= () - Inmy

+ Z f(xe,n k) =7) - ln(l—mj))
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Computing the Most Likely Map

“beam n ends in ceII j”

J T N
m* = argmax,, ZZ Z ( (xg,ny2¢0) =7) (L= () - Inmy

j=1t=1n

+ :E: f(xe,n k) =7) - lﬂ(l‘—fnj))
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Computing the Most Likely Map

N  “pbeam n ends in cell j”

J T
m* = argmax,, ZZ (I(f(::ct,n, 2tm) =7) (1= Cen) - Inm;

+ 3 I(f(@enik) = §) - In(1 —m;))

k=0 “beam n traversed cell j”
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Computing the Most Likely Map

“beam n ends in cell j”

T N
m* = argmax,, J:y:(](f(sct,n 2tm) =7) (1= Cen) - Inm;
j=1t=1n=1

zt’n_l

+ 7 I(f(wen,k) = 5) - In(1 —m;))

k=0 “beam n traversed cell j”

Define

— 23;1 fo:l I(f(x¢,n, Zt,n) =7) (1 - Ct,n)
Zt IZn 1 Zt% 1I(f(33t,n,]€):])
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Meaning of o; and j;

O{j — Zle ij:l I(f($ta n, Zt,n) — j) ) (1 o Ct,n)

Corresponds to the number of times a
beam that iIs not a maximum range
beam ended in cell | (hitg(j))

Bi =St SN ST (f (e, my k) = )

Corresponds to the number of times a
beam traversed cell ] without ending In

It (misses(7))
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Computing the Most Likely Map

Accordingly, we get
m* = argmax,, ijl (Oéj Inm,; + B, In(1 — mj))

As the mj’s are independent we can maximize
this sum by maximizing it for every |

If we set we obtain
0 __ o Bi oy
8?’?’1j o m; 1—m; =0 mj o ij—"/Bj

Computing the most likely map reduces to counting
how often a cell has reflected a measurement and
how often the cell was traversed by a beam.
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Difference between Occupancy
Grid Maps and Counting

 The counting model determines how
often a cell reflects a beam.

= The occupancy model represents
whether or not a cell is occupied by an
object.

= Although a cell might be occupied by
an object, the reflection probability of
this object might be very small.
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Example Occupancy Map
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Example Reflection Map

glass panes

60



Example

Out of n beams only 60% are reflected from a cell
and 40% intercept it without ending In It.

Accordingly, the reflection probability will be 0.6.

Suppose p(occ | z) = 0.55 when a beam ends Iin a
cell and p(occ | z) = 0.45 when a beam traverses a
cell without ending iIn it.

Accordingly, after n measurements we will have

[0-55)#‘0_6 ) [0_45Jn*0_4 ) [Ejn*% ) (EJn*OA . [E)n*o_z
0.45 0.55 9 9 9

The reflection map yields a value of 0.6, while the
occupancy grid value converges to 1 as n increases.
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Summary (1)

Grid maps are a popular model for
representing the environment

Occupancy grid maps discretize the
space into independent cells

Each cell is a binary random variable
estimating if the cell is occupied

We estimate the state of every cell using
a binary Bayes filter

This leads to an efficient algorithm for
mapping with known poses

The log odds model is fast to compute
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Summary (2)

= Reflection probability maps are an
alternative representation

= The key idea of the sensor model is to
calculate for every cell the probability
that it reflects a sensor beam

= Given the this sensor model, counting
the number of times how often a
measurement intercepts or ends in a cell
yields the maximum likelihood model

= This approach has a consistent sensor
model for mapping and localization
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