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Bayes Filter Reminder

Bel(x,)=n p(z, | x,) J. p(x, |u,x,,)Bel(x,,) dx,,

- Prediction

Bel(x,)= | p(x,|u,x,.) Bel(x, ) dx,
- Correction

Bel(x,)=np(z, | x,)Bel(x,)



Kalman Filter

- Bayes filter with Gaussians
- Developed in the late 1950's
- Most relevant Bayes filter variant in practice

- Applications range from economics, weather
forecasting, satellite navigation to robotics
and many more.

- The Kalman filter algorithm is
a couple of matrix multiplications!



1. Gaussians



Gaussians

Univariate

p(x)~N(u,0°):
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p(x) = e’ °
2o
Multivariate

p(x)~ N(u,2):
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Gaussians
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Properties of Gaussians

- Univariate case

X ~N(u,0°)
Y=aX+b

} = Y~N(au+b,a°c?)

X~ N(#1a012)
X, ~ N(!"zso'zz)

}3P(X1)'p(X2)“N[

o, +




Properties of Gaussians

- Multivariate case

X ~N(u,2) r
= Y~N(Au+B,AXA")
Y=AX+B
Xl ~ N(Julazl) 2 2 1
X)) p(X,)~N 2 1 .
X, ~N(u2,22>}jp( ) (zl v5, e s, Ty
(where division "-" denotes matrix inversion)

- The distributions stay Gaussian as long as
we start with Gaussians and perform only
linear transformations



2. The Kalman Filter



Discrete Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference eqguation

x, =Ax_,+Bu +e¢,
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with a measurement

z =Cx, +0,
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Discrete Kalman Filter

nxn: state evolution from t-1 to t without
controls or noise

nxl: state evolution under control u,

\

x, =Ax_ +Bu, +¢

Random variables
representing the system /
measurement noise,

Independent and normally
rxt distributed with covariance
\ Q; and R, respectively.

kxn: mapping state x, to observation z,
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Kalman Filter Updates in 1D

 prediction

measurement

correction

It's a weighted mean!

12



Kalman Filter Updates in 1D

How to get the blue curve?

Kalman correction step

—u+K(z—nu 5
bel(xt)=< H, 2Ht r(t lut) with K =— O-t_z
L Gt Z(l—K[)C_th Gt +Gobs,t
=u+K(z,-Cu - =
bel(xt)z{u SRERGE G K 2SO (RO R Y
> =(I-K,C)Z
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Kalman Filter Updates in 1D

— U =a +b,u

bel(x,) :{f; ':zut_zl 'l How to get the magenta
o, =4,0, +0,,, curve?
— Kalman prediction step
o= A4+ B,

bel(x,)="

=43 A" +0

t =17t




Kalman Filter Updates

prediction

measurement |

correction |




Linear Gaussian Systems: Initialization

Initial belief iIs normally distributed:

bel(x,) = N(xo;,uO,ZO]




Linear Gaussian Systems: Dynamics

Dynamics are linear functions of the state
and the control plus additive noise:

x,=Ax_ +Bu +¢

p(xz ‘ U, xt—l) = N(xz;Atxt—l +Btuz9 Qt)

bel(x,)= | p(x, |u,x, ) bel(x,.,) dx,
U U
~ N(xt;AtX,_l +B;up Q}f) ~ N(xt—l;iut—lﬁ Zt—l)




Linear Gaussian Systems: Dynamics

bel(x,)= | p(x, |u,x, ) bel(x, ) dx, ,
U U
~ N(xr;Arxr—l T BruraQr) - N(xr—l;zur—lvzr—l)
U

b_el(xt) =7 I exp{—%(xt ~Ax,  —Bu) Q' (x,—Ax,, _Btuf)}

1 _
exp{_i (xr—l o Aur—l)T Z“zf—ll(xr—l o ufl)} dxr—l

ﬁl‘ — Al‘l’ll‘—l + Bl‘ul‘

b_el(xf):{i — A3 AT+ 0
t — 1414 t

A




Linear Gaussian Systems: Observations

Observations are a linear function of the
state plus additive noise:

z, =Cx, +0,

p(z,|x)=N(z;Cx,.R)

R

bel(x,)= 1 p(z,|x,) bel(x,)
) U

~N(z;Cx,,R,)  ~ N(xt;;_it,i]

A




Linear Gaussian Systems: Observations

bel(xr) = 7N p(zr |xr) bel(xr)
U U
~N(z,;,Cx.R)  ~ N(xf;;tr,i)
U

1 B 1 = _
bel(x,)=n exp{—E(Zr ~Cx,) R (2, - Cfxf)} exp{—g(xf —1) X (x, -1, )}

M, =1, +Kr(zr _Crﬁr)

— with Kr = ErCf (CIEIC,;F + Rr)_l
ZI = (I—KICI)ZI

bel(x,) —{




3. The KF Algorithm



Kalman Filter Algorithm

1. Algorithm Kalman_filter( p, 1, Zi.1, U;, Zo):

Erediction:
2. g; = A;H;_l +B,u,
3. L=4% A"+0
Correction:
4. K,=%X.C/(CLIC +R)"
5. U :Jut-l-Kt(Z;:C:ﬂ:)
6_ Zr:([—KrCf)Zt

/. Return p, X,



Kalman Filter Algorithm




The Prediction-Correction-Cycle

: Prediction

ﬁt = A."I’JI—I + Btu!

bez(x‘):{i —AS AT +Q
= Apep 1y t

/\
10 1= o0 = 20
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The Prediction-Correction-Cycle

_\\ -
' ' 1 1 =
A0 15 pail =) 30

bel(x,) ={“ !

:ﬁt +KI(ZI _Cfﬁ{)

UK =3CT(CECT+R)
3, =(I-KC)Z

Correction t

ur Anur— +Bur
bel(x,)= { —AS, AT+ 0
t

t =1

/\
10 1= o0 = 20
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The Prediction-Correction-Cycle

bel(x,) ={” !

=ﬁ£ +KI(ZI _CIEI)

3, =(I-KC)Z

K =%C'(CEC +R)"

bel(x,) = { He =

Anur— +Buz
=43, A +Q,

t -1

M
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Kalman Filter Summary

Only two parameters describe belief about
the state of the system

Highly efficient: Polynomial in the
measurement dimensionality k and
state dimensionality n:

O(k2-376 + n2)

Optimal for linear Gaussian systems!

However: Most robotics systems are
nonlinear!

Can only model unimodal beliefs
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