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Reminder: Parameterizations
for the Gaussian Distribution

moments canonical

covariance matrix Information matrix
mean vector Information vector



Motivation

iteration: 300  error; 0,0152% e e e e R
Gaussian normalizeo normalized

estimate covariance Information
(map & pose) matrix matrix

Courtesy: Thrun, Burgard, Fox



Motivation

small but
non -zero

normalized information matrix
Courtesy: Thrun, Burgard, Fox



Most Features Have Only a
Small Number of Strong Links

. robot features
link active passive

'..,'""-u-.,.‘. ..--'?“'.

normalized information matrix

Courtesy: Thrun, Burgard, Fox



Information Matrix

A Information matrix can be interpreted
as a graph of measur e
between nodes (variables)

A Can be interpreted as a MRF

A Missing links indicate conditional
Independence of the random variables

A §1;; tells us the strength of a link
A Larger values for nearby features

A Most off -diagonal elements in the
information are closeto 0 (but ) # 0




Create Sparsity

Al Set © most | inks -ftho z

A Exploit sparseness of  i{the
computations

Asparse = finite number of non -Z€ero
off - diagonals, independent of the
matrix size



Effect of Measurement Update
on the Information Matrix
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Effect of Measurement
on the Information Matrix

Lt M1 1Mo M3

\

robot observes landmark 1

Update



Effect of Measurement Update
on the Information Matrix

Lt 111213 T

robot observes landmark 2
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Effect of Measurement Update
on the Information Matrix

AAdds information betw
pose and the observed feature

Lt 1M11Mo M3 Lt 1M1 Mo 13
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Effect of Motion Update on the
Information Matrix
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Effect of Motion Update on the
Information Matrix
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Effect of Motion Update on the
Information Matrix
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Effect of Motion Update on the
Information Matrix

AWeakens the |inks bet
pose and the landmarks

A Add links between landmarks

Lt M1 M9 M3 Lt+1 101 192 N3
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mo
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Sparsification
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Sparsification
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Sparsification

XL
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removal of the link between am- g |
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Sparsification

Lt4+1 1701 119 1113
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Sparsification

ASparsification means
(assuming conditional independence)

AHere: |l inks between t
and some of the features
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Active and Passive Landmarks

Key element of SEIF SLAM to obtain an
efficient algorithm

Active Landmarks
A A subset of all landmarks
A Includes the currently observed ones

Passive Landmarks
A All others
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Active vs. Passive Landmarks

Lt+1 7101 112 113 Ttt1
L1
mi
ma2
ms mq ma2 *
_ active ms
was active,

now passive passive
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Sparsification in Every Step

A SEIF SLAM conducts a  sparsification
steps In each iteration

Effect:

AThe robotos pose 1 s |
landmarks only

A Landmarks have only links to nearby
landmarks ( landmarks that have been
active at the same time)
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Key Steps of SEIF SLAM

1. Motion update
2. Measurement update
3. Sparsification
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Four Steps of SEIF SLAM

1. Motion update

2. Measurement update

3. Update of the state estimate
4. Sparsification

The meanis needed to apply the
motion update, for computing an
expected measurement and for
sparsification

25



Four Steps of SEIF SLAM

SEIF_SLAM (‘St—la Qt—l Mt—1, U, Zt).'

4, Qy, iy = SEIF _motion_update(&_1, Qe_1, fte—1, Us)
ft, (), = SEIF_measurement update(ft, Qs i, 2t )

= SEIF _update_state_estimate(&;, {1y, ji4)
ft, Q, = SEIF _sparsification(&;, ¢, )

return &, Qt [t

Note: we maintain &, £, 14



Four Steps of SEIF SLAM

SEIF _ SLAM(«St 1, Qt—l Mt—1, U, Zt).'

4, Qy, iy = SEIF _motion_update(&_1, Qe_1, fte—1, Us)
ft, Q) = SEIF_measurement_update(&;, Qy, jit, 2:)
= SEIF _update_state_estimate(&;, {1y, ji4)

ft, Q, = SEIF _sparsification(&;, ¢, )
return &,Qt [t

The corrected mean il
estimated after the measurement
update of the canonical Er, Sy
parameters



Four Steps of SEIF SLAM

SEIF_SLAM (‘St—la Qt—h Mt—1, U, Zt).'

13> &, Q4, iy = SEIF _motion_update(&—1, 1, pe—1, ut)

2: ¢4, Q = SEIF _measurement_update(&;, Qy, fir, 2¢)
: 1 = SEIF _update_state_estimate(&;, €2y, ji4)

3:
4: &, Q= SEIF _sparsification (&, ¢, )
5: return &, s, Ly
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Matrix Inversion Lemma

A Before we start, let us re -Visit the
mautrix inversion lemma

A For any invertible quadratic matrices R
and Q and any matrix P, the following
holds:

(R+PQP" ) ' =
R—l _R—l P (Q_l _I_PT R_l P)—l PT R—l
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SEIF SLAM 1 Prediction Step

A Goal: Compute &, Q, i:m motion
and the previous estimate E—1, 1, hi—1

A Efficiency by exploiting sparseness of
the information matrix
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L et

star-t from E

EKF_SLAM _Prediction(u;—1, ¢ 1, Ut, 2, R¢):
1 0 0 0---0

5. Yy =G Y1 GT+FI' R* F,

v . v :
— oo S fy_1.0 + - sin(pe—1,0 + weAt)
() ()
- COS [lt—1,0 — ot cos(p—1,0 + wiAt)

Wt At

0 —z—i C(.)S ut_l,g—l—Z—i C.()S(,th_l’g + wAt)
0 —z—i sin ut_1,9+5—i sin(pe—1,0 + wiAt) F,
0 0

7

R
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L et us sSstart from E

EKF_SLAM _Prediction(u;—1, ¢ 1, Ut, 2, R¢):

1 0 0 0---0

-0/ copy & paste

v . v :
—oksinpg19 + oF sin(pe—1,0 + wiAt)

Pt = pg—1 + F;;F Z—’i COS [4t—1,0 — Z—i cos(pt—1.0 + weAt)
wi At copy & paste

0

0

0

(0

0 —gFcos ut_l,g—l—Z—i cos(pt—1,0 + wiAt)

0 —z—i sin ut_1,9+5—i sin(pe—1,0 + wiAt) F,
0 0 copy & paste
Y =Gy Y1 G + FX RY F,

7

R
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L et us sSstart from E

EKF_SLAM _Prediction(u;—1, ¢ 1, Ut, 2, R¢):

D: it

1 0 0 0---0

-0/ copy & paste

( —Z—i sin puy—1.9 + Z—i sin(pe—1,0 + wiAt)
0
0
0

() ()
L COS 1,0 — cos(p—1,0 + wiAt)

wi At copy & paste

(0

0 —gFcos ut_l,g—l—Z—i cos(pt—1,0 + wiAt)

0 —z—’i sin ut_1,9+5—i sin(pe—1,0 + wiAt) F,
0 0 copy & paste
=Gy X1 GT +F' RY F,

7

'
1

\ R )

etos begin with computing t hea33i



SEIF T Prediction Step (1/3)

Algorithm SEIF _motion_update(&_1, 21, tht—1, uz):
1 0 0 0---0
0 g | 0 10 0--:0
0O 01 0---0
N——
ON
—Z—i sin pe—1.0 + Z—i sin(pe—1.0 + wiAt)
3 6= Z—i COS flt—1,9 — Z—i cos(pt—1,0 + wiAt)
tht
0 0 Z—i COS [l1—1,0 — Z—i cos(pt—1,0 + wiAt)
4: A=1 0 0 Z_i sin pe—1.9 — z—i sin(pe—1.0 + weAt)
0 0 0
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Compute the Information Matrix

A Computing the information matrix

"

S
G Q7L GT + R
@+ R

Awith the term & fined as

o

G, 074 6T
G Q1 G
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Compute the Information Matrix

A We can expand the noise matrix R

O = [o7'+ R

= [o;'+FT R’ F,]
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Compute the Information Matrix

A Apply the matrix inversion lemma

- —1
O = [0+ Ry]
= [o;'+FT R F,|
= &, -0, FI(RF'+F, &, FI)"1 F, &,

3X3 matrix
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Compute the Information Matrix

A Apply the matrix inversion lemma

- —1
O = [0+ Ry]
= [o;'+FT R F,|
= &, -0, FI(RF'+F, &, FI)"1 F, &,

T 3X3 matrix T

Zero except Zero except
3x3 block 3x3 block
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Compute the Information Matrix

A Apply the matrix inversion lemma

- —1
O = [0+ Ry]
= [o;'+FT R F,|
= &, -0, FI(RF'+F, &, FI)"1 F, &,

1‘ 3X3 matrix 1‘

Zero except Zero except
3x3 block 3x3 block

A Constant complexity if s P sparse

and fiboundedo:’ i



Compute the Information Matrix

A This can be written as

—1

O = [0+ Ry]
= [07' + F, R} F,]
= &, -, FI(RF '+ F, o, FIY"1 F, &,

- .\ ——_—

K

—1

— q)t—/it

A Question: Can we compute &,
efficiently ( &, = [GT]7' Q.1 G;*
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Computing

O, =[Gt 1 G

A Goal: constant time if  ;_parse
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Computing

O, =[Gt 1 G

A Goal: constant time if  ;_parse

Gl =

(I+F'AF,)™!
A+I; 0 \ '
O]« Ion

3x3 identity 2NXx2N identity
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Computing @, = [GT]7' Q1 G

A Goal: constant time if  ;_parse
Gi' = (I+FFAF,)!

A+I; 0 \ |
0 Ion
(A+Ig)_1 0
0 Ion

holds for all block matrices where
the off -diagonal blocks are zero
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Computing

Gt

O, =[Gt 1 G

A Goal: constant time if

(2;_parse
(I+F'AF,)™!

A+I; 0 \ '
0 Ion

( (A +013)—1 IQON )

(A -+ 13)_1 — 13

Ision + ( f 3

Note: 3x3 matrix

0
0

)
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Computing

O, =[Gt 1 G

A Goal: constant time if  ;_parse

Gyt =

(I+F'AF,)™!
A+I, 0 \
0 Ion
(A + 13)_1 0
0 Ion

A+I3)" =13 0
]3—|—2N‘|‘<( 33 ) O)

I+ F [(I+A)t =1 F,

J/

iV

vy
I+ W,
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Computing @, = [GT]7' Q1 G

A We have
G,l=I+7, G ' =14 0!

A with
U, =F  [(I+A)"!'—1]F,
3x3 matrix

A W, is zero except of a 3x3 block
A G; 'is an identity except of a 3x3 block
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Computing &, = [GT]"t Q1 G; '}

Given that:

A G;'and [GY] re identity matrices
except of a 3x3 Dblock

A The information matrix is sparse

A This implies that
O, = (G| Q1 G

A can be computed in constant time
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Constant Time Computation of b,

A Given ;_1s sparse, the constant time
update can be seen by

by

G G
(I + qu) Q1 (L + Uy)
1+ ‘I’;gr Qp1+ Q1 Yy + ‘I’f Q1 Uy

At

Qi1+ M

all elements zero except a
constant number of entries
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Prediction Step In Brief

A Com
A Com
A Com
A Com
A Com

pute
pute
pute
pute

pute

Wy
Asing Wy
d,s5ing A

Rt USing (I)t
Q; using ®,nd
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SEIF T Prediction Step (2/3)

SEIF _motion_update(&; 1,91, phe—1, us):

20 Fp=---

3 0o=---

4: A=--.

5. U, =Fl'[(I+A)-1IF,

6: M=Vl 1 +% 1V, +V] Q1T
7 (I)t:Qt—l_l_)\t

8 Kk =®, FI(R;'+F, & FI)"1' F, ®,
9: Qt:q)t_/{'t

Information matrix is computed, now do the
same for the information vector and the mean
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Compute the Mean

A The mean is computed as in the EKF
e = 1+ F, 0

A Reminder (from SEIF motion update)

1 0 0 0---0
). Fx(o 1 0 0-~0)
0 0 1 0---0

N——

2N

( —Zbsinpg1,9 + 25 sin(pe—1,0 +weAf) )
5 —

v v
w—i COS Ut—1,0 — w—’; COS(Mt—l,e + wiAt)

Wt At
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Compute the Information Vector

A We obtain the information vector by
&

= O (-1 +F§ Ot)

= U ( QL &+ Fy b0
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Compute the Information Vector

A We obtain the information vector by
&

= O (1 + Ff Ot)

= O (2 &+ Fy o)

= Qt__ll &1+ F;;F Ot



Compute the Information Vector

A We obtain the information vector by

&t

U (pe—1 + Fy &)

Qp (2 &1 + Fy &)

Oy Qt__ll &1+ FxT Ot

(4 —P¢ + (I)E:Qt—l + Qt—£) Qt__ll &1+ Ff Ot
=0 =0
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Compute the Information Vector

A We obtain the information vector by

&t

Qr (i1 + FxT Ot)
Qp (2 &1 + Fy &)
Oy Qt__ll &1+ FxT Ot
(4 —P¢ + (I)E:Qt—l + Qt—Q Qt__ll &1+ F;F Ot
—0 —0
(Q — Oy + Py — Q1) ?,5__11 ft—£+?t—1 Qt__lg Ee—1+ Fa;T Ot

W -~
= — K¢ = )\t = Ut—1 —2 i
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Compute the Information Vector

A We obtain the information vector by

&t

= O (1 + F, &)

= O (2 &+ Fy o)

= Qt__ll &1+ FxT Ot

= ( —Py + (I)E:Qt—l + Qt—Q Qt__11 &1+ Q¢ FL 6,

=0 =0
= (% — Qi+ P — Q1) QY &1+ Q1 QY &+ FY Oy
= — k¢ = A\¢ :;1,:_1 ;rf

= &1+ (M — Ke) p—1 + 4 F 5
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SEIF T Prediction Step (3/3)

10:

11:
12:

SEIF _motion_update(&; 1,1, g1, Uz):

F o=...
5=...
A—...
U, =FI'[(I+A)"! -1 F,
AM=0l Q1+ Q1 U+ T QT
O, =1+ N

ke =0, FI(R; '+ F, &, FI)"' F, &,
Qt (I)t—/ﬁlt
E =81+ (M — Ke) pu—1 + Qe FL &

ft = p—1 + FL§
return &, §y, jiy
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Four Steps of SEIF SLAM

SEIF_SLAM (‘St—la Qt—l Mt—1, U, Zt).'

2: §t, Q) = SEIF_measurement_update(&;, Qy, jit, 2:)

3: = SEIF _update_state_estimate(&;, {1y, ji4)
4: ft, Q, = SEIF _sparsification(&;, ¢, )

5: return gt, Qt [t

1: e, Qy, 1 = SEIF-meotion-update(&r—r-OQp=1tr=1, DONE
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SEIF T Measurement (1/2)

SEIF _measurement_update(&;, Qy, s, 2¢)

0,2 0
Qt_< 0 %2)

for all observed features z! = (%, $*)1 do

if landmark j never seen belore |
( flj.a ) _ ( fita ) N ( ri cos(¢ + fire) )
.y ity ri sin(@y + fit,p)

- (5)-(57)
5y Hiy — Ht,y

|dentical to the EKF SLAM
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SEIF T Measurement (2/ 2)

Y O —qg 0...0 —0y +d, 0...0
2j—2 2N —2j

/@ —+/q0y, 0 0...0 +,/q0r +/q6y 0...0
10: H =1 J —

11: endfor

12: & =&+ >, Hi" Q7' [2 — 21+ H] 1]
13: Qy=Q,+ > HiT Q; ' H]

14: return &, (),

Difference to EKF (but as in EIF):

& = &+ ) Hi" Q' [2f — Z+H] pu]

Qt — Qt+ZH§T Qt_l HZ

60




Four Steps of SEIF SLAM

SEIF_SLAM (‘St—la Qt—l Mt—1, U, Zt).'

. Qy, 11y = SEIF _motion_update(&_1, Qp_1, fty—1, mg))l\fE
. Q, = SEIF _measurement_update(&;, )y, fig, 2¢) DONE

3;> = SEIF _update_state_estimate(&;, {1y, ji4)
: ft, Qt = SEIF _sparsification(&;, €2, 1)
return &, Qq,
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Recovering the Mean

The mean is needed for the
A linearized motion model (pose)

A linearized measurement model
(pose and visible landmarks)

A sparsification step (pose and subset
of the landmarks)
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Recovering the Mean

A In the motion update step, we can
compute the predicted mean easily

SEIF _motion_update(&_1, Q¢ 1, te—1, Uz ):

11: iy =1+ F, 0
12: return &, $), [y
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Recovering the Mean

A Computing the corrected mean,
however, cannot be done as easy

A Computing the mean from the
Information vector Is costly:

p=0""¢

A Thus, SEIF SLAM approximates the
computation for the corrected mean
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Approximation of the Mean

A Compute a few dimensions of the
mean in an approximated way

A ldea: Treat that as an optimization
problem and seek to find

A

fi = argmaxp(u)

1
= argmax exp (—§,uTQ,u + §T,u>
o

A Seeks to find the value that maximize
the probabllity density function
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Approximation of the Mean

A Differentiate function

A Set first derivative to zero
A Solve equation(s)

A lterate

A Can be done effectively given that
only a few dimensions of a4 needed
(robot 0s p@a\e&ndmarks)

furt her det ait |l s wi |
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Four Steps of SEIF SLAM

SEIF_SLAM (‘St—la Qt—l Mt—1, U, Zt).'

3; = SEIF _.update_state_estimate(&;, €1y, i)

ft, Q, = SEIF _sparsification(&;, ¢, )

5: return gt, Qt [t

L: gtagtmut SEIF _motion_ update(ﬁt 1, $ 1, e 17@@
2: §t, (); = SEIF _measurement update(ft, Qi #) DO

DO

NE
NE
NE
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Sparsification

A In order to perform all previous
computations efficiently, we assumed
a sparse information matrix

A Sparsification step ensures that

A Question : what does sparsifying
the information matrix mean?
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Sparsification

A Question: what does  sparsifying
the information matrix mean?

Al't means Aignoringo s
A Assuming conditional independence

Lt4+1 7701 112 TN Lt4+1 7101112 TN
3 3

L1 L1
mq - mi
M9 ma

ms ms3
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Sparsification in General
A Replace the distribution
p(a,b, c)

A by an approximation s(pthat
are independent given  C

pla | b,c) =pla|c)
p(b|a,c)=pb]c)

anwa

b

70



Approximation by Assuming
Conditional Independence

A This leads to

approximation
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